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Abstract
We introduce the concept of twisted contact groupoids, as an extension either of contact groupoids or
of twisted symplectic ones, and we discuss the integration of twisted Jacobi manifolds by twisted contact
groupoids. We also investigate the very close relationships which link homogeneous twisted Poisson man-
ifolds with twisted Jacobi manifolds and homogeneous twisted symplectic groupoids with twisted contact
ones. Some examples for each structure are presented.
© 2010 Elsevier Masson SAS. All rights reserved.
Résumé
On introduit le concept des groupoïdes de contact tordus, comme une extension à la fois des groupoïdes
de contact et des groupoïdes symplectiques tordus, et on discute l’ intégration des variétés de Jacobi tordues
par groupoïdes de contact tordus. En plus, on établit quelques relations étroites qui unissent les variétés de
Poisson homogènes tordues avec celles de Jacobi tordues et les groupoïdes homogènes symplectiques tordus
avec ceux de contact tordus. Des exemples pour chaque structure étudiée sont présentés.
© 2010 Elsevier Masson SAS. All rights reserved.
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1. Introduction
The notion of twisted Jacobi manifolds, introduced by J.M. Nunes da Costa and the author
of this present paper in [33], is a weakened version of the notion of Jacobi manifolds due to
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Poisson manifolds studied by P. Ševera and A. Weinstein [39]. The latter appeared in Park’s
work on string theory [35], as well as in the work [24] on topological field theory by C. Klimcˇík
and T. Ströbl, and are also relevant in the theory of non-holonomic systems [21]. In fact, the
associated bracket on the space of smooth functions on the manifold does not satisfy the Jacobi
identity whose failure is controlled by a generalized closed 3-form. Keeping in mind that the
Jacobi structures play a central role in the geometric prequantization of Poisson structures [8,42,
13], one of the motivations behind the study of twisted Jacobi structures is the likely role that
they can play in some geometric prequantization process of twisted Poisson structures.
However, the prequantization of Poisson manifolds is also closely related to the integrability
of Jacobi structures [13]. For this reason, the present paper is concerned with the search of the
global geometric objects that will integrate twisted Jacobi structures.
The corresponding problem for Jacobi manifolds was treated, independently, by P. Liber-
mann [27], C. Albert [1] and Y. Kerbrat and Z. Souici-Benhammadi [23]. For its approach, they
introduced various concepts of contact groupoids, as odd-dimensional counterparts of symplec-
tic groupoids [40]. In [17], P. Dazord unified and clarified these concepts and he showed contact
groupoids as the central tool for integrating local Lie algebras (it is well known that they are
intimately connected with Jacobi structures [19]) and prequantizing Poisson manifolds in Wein-
stein’s sense. While, in [13], M. Crainic and Ch. Zhu discussed this problem using the method
of A-paths. The analogous question for twisted Poisson manifolds was studied by A.S. Cattaneo
and P. Xu [6] and, in the general context of twisted Dirac structures, by H. Bursztyn et al. [3].
They presented the notion of twisted (pre)symplectic groupoids as a natural extension of the one
of symplectic groupoids [40] and they proved that the twisted Poisson manifolds may be regarded
as the infinitesimal form of twisted symplectic groupoids.
Inspired by the above studies, we introduce the concept of twisted contact groupoids, we es-
tablish their fundamental properties (Proposition 3.2), and we prove that these are the global
counterparts of twisted Jacobi manifolds (Theorems 3.3 and 4.7). For this, we use the bijec-
tion which exists between twisted contact groupoids and homogeneous twisted symplectic ones
(Proposition 3.5). The latter are a special case of twisted symplectic groupoids and they integrate
homogeneous twisted Poisson manifolds that are linked to twisted Jacobi manifolds with a very
close relationships (Propositions 2.3 and 2.5).
The paper is organized as follows. In Section 2 we review basic definitions and results con-
cerning twisted Jacobi manifolds and homogeneous twisted Poisson ones and we give some ex-
amples of twisted contact structures. In Section 3, we introduce the notion of contact groupoids,
we describe their basic properties and their connection with the homogeneous twisted symplectic
groupoids. Finally, we present some examples of such groupoids. In Section 4, after a brief pre-
sentation of the integrability problem of a Lie algebroid and of its solution given by M. Crainic
and R.L. Fernandes [10], we prove our main theorem: An integrable twisted Jacobi manifold is
integrated by a twisted contact groupoid.
Notation. In order to present the concepts of twisted Jacobi and homogeneous twisted Pois-
son structures on a smooth manifold M , we recall that, given a bivector field Λ on M , the
usual homomorphism of C∞(M,R)-modules Λ# :Γ (T ∗M) → Γ (TM), defined, for all ζ, η ∈
Γ (T ∗M), by 〈η,Λ#(ζ )〉 =Λ(ζ,η), can be extended to a homomorphism, also denoted Λ#, from
Γ (
∧k
T ∗M) to Γ (
∧k
TM), k ∈ N, by setting, for any f ∈ C∞(M,R), Λ#(f )= f , and, for all
ζ ∈ Γ (∧k T ∗M) and α1, . . . , αk ∈ Γ (T ∗M),
Λ#(ζ )(α1, . . . , αk)= (−1)kζ
(
Λ#(α1), . . . ,Λ
#(αk)
)
. (1)
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(Λ,E)# :Γ (T ∗M × R) → Γ (TM × R) given, for any (ζ, f ) ∈ Γ (T ∗M × R), by
(Λ,E)#(ζ, f ) = (Λ#(ζ ) + fE,−〈ζ,E〉), can be extended to a homomorphism (Λ,E)#:
Γ (
∧k
(T ∗M × R)) → Γ (∧k(TM × R)) by setting, for all (ζ, ζ ′) ∈ Γ (∧k(T ∗M × R)) and
(α1, f1), . . . , (αk, fk) ∈ Γ (T ∗M × R),
(Λ,E)#(ζ, ζ ′)
(
(α1, f1), . . . , (αk, fk)
)
= (−1)k(ζ, ζ ′)((Λ,E)#(α1, f1), . . . , (Λ,E)#(αk, fk)).
We indicate [22], for any (X1, f1), . . . , (Xk,fk) ∈ Γ (∧k(TM × R)),
(ζ, ζ ′)
(
(X1, f1), . . . , (Xk,fk)
)= ζ(X1, . . . ,Xk)+ k∑
i=1
(−1)i+1fiζ ′(X1, . . . , Xˆi , . . . ,Xk),
where the hat denotes missing arguments. Also, following [39], we denote by (Λ# ⊗ 1)(ζ ) the
section of (
∧k−1
TM) ⊗ T ∗M that acts on multivector fields by contraction with the factor
in T ∗M . Precisely, for all X ∈ Γ (TM) and α1, . . . , αk−1 ∈ Γ (T ∗M),(
Λ# ⊗ 1)(ζ )(α1, . . . , αk−1)(X)= (−1)kζ (Λ#(α1), . . . ,Λ#(αk−1),X).
2. Twisted Jacobi and homogeneous twisted Poisson manifolds
A twisted Jacobi manifold is a smooth manifold M endowed with a bivector field Λ, a vector
field E and a 2-form ω such that
1
2
[
(Λ,E), (Λ,E)
](0,1) = (Λ,E)#(dω,ω). (2)
The bracket on the left-hand side is the Schouten bracket of the Lie algebroid (TM ×R, [·,·],π)
over M modified by the 1-cocycle (0,1) of its Lie algebroid cohomology complex with trivial
coefficients [22]. The pair (dω,ω) ∈ Γ (∧3(T ∗M × R)) can be viewed as a closed 3-form of
TM×R with respect to the exterior derivative operator on Γ (∧(T ∗M×R)) defined by ([·,·],π)
and modified by (0,1) [22]. Writing (2) in terms of the usual Schouten bracket, we obtain [33]
its equivalent expression⎧⎨
⎩
1
2
[Λ,Λ] +E ∧Λ=Λ#(dω)+Λ#(ω)∧E,
[E,Λ] = (Λ# ⊗ 1)(dω)(E)− ((Λ# ⊗ 1)(ω)(E))∧E. (3)
As explained in [33], the space C∞(M,R) of smooth functions on (M,Λ,E,ω) is equipped,
just as in the case of ordinary Jacobi manifolds, with the internal composition law
{f,g} =Λ(df,dg)+ 〈f dg − gdf,E〉, f, g ∈ C∞(M,R), (4)
that is bilinear and skew-symmetric but its Jacobi identity acquires an extra term:{
f, {g,h}}+ c.p. = (Λ,E)#(dω,ω)((df,f ), (dg, g), (dh,h)), f, g,h ∈ C∞(M,R).
(5)
So, (4) is no more a Lie bracket on C∞(M,R). However, (Λ,E,ω) produces a Lie algebroid
structure ({·,·}ω,π ◦ (Λ,E)#) on the vector bundle T ∗M × R → M . The bracket on the space
Γ (T ∗M ×R) of smooth sections of T ∗M ×R is given, for all (ζ, f ), (η, g) ∈ Γ (T ∗M ×R), by{
(ζ, f ), (η, g)
}ω = {(ζ, f ), (η, g)}+ (dω,ω)((Λ,E)#(ζ, f ), (Λ,E)#(η, g), ·), (6)
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is π ◦ (Λ,E)#, where π :TM × R → TM denotes the projection on the first factor. The sec-
tion (−E,0) of TM × R is a 1-cocycle of the Lie algebroid cohomology complex with trivial
coefficients [22] of (T ∗M × R, {·,·}ω,π ◦ (Λ,E)#). The brackets (4) and (6) are related by{
(df,f ), (dg, g)
}ω = (d{f,g}, {f,g})+ (dω,ω)((Λ,E)#(df,f ), (Λ,E)#(dg, g), ·),
whence we conclude that the mapping f → Xf = Λ#(df )+ fE = {f, ·} + 〈df,E〉 from func-
tions to their Hamiltonian vectors fields is no longer a homomorphism.
If E = 0, Eqs. (3) are reduced to 12 [Λ,Λ] = Λ#(dω), which means that (Λ,dω) defines an
exact twisted Poisson structure [39] on M .
Two characteristic examples of twisted Jacobi manifolds are the following.
Conformal twisted Jacobi manifolds. (See [33].) Let (M,Λ,E,ω) be a twisted Jacobi manifold
and a an element of C∞(M,R) that never vanishes on M . We set
Λa = aΛ, Ea =Λ#(da)+ aE and ωa = 1
a
ω.
Then, (Λa,Ea,ωa) defines a new twisted Jacobi structure on M that is called a-conformal to the
initially given one. Its associated bracket (4) in C∞(M,R) is given by
{f,g}a = 1
a
{af, ag}, f, g ∈ C∞(M,R).
Twisted contact manifolds. (See [34].) A twisted contact manifold is a (2n + 1)-dimensional
smooth manifold M equipped with a 1-form ϑ and a 2-form ω such that ϑ ∧ (dϑ + ω)n = 0,
everywhere in M . The Reeb vector field E on M , defined by
i(E)ϑ = 1 and i(E)(dϑ +ω)= 0, (7)
and the bivector field Λ on M whose associated morphism Λ# is given by
Λ#(ϑ)= 0 and i(Λ#(ζ ))(dϑ +ω)= −(ζ − 〈ζ,E〉ϑ), for all ζ ∈ Γ (T ∗M), (8)
yield a (dω,ω)-twisted Jacobi structure on M .
The above definition includes that M is an orientable manifold and ϑ ∧ (dϑ +ω)n is a volume
form on M . Thus, kerϑ and ker(dϑ+ω) are complementary subbundles of TM , where ker(dϑ+
ω), called the vertical bundle, is of rank 1 and is generated by E, however, kerϑ = ImΛ#,
called the horizontal bundle and denoted by H, is of rank 2n. If M is not orientable, a twisted
contact structure on M cannot be defined by a single pair (ϑ,ω) defined on the whole of M . It
is described by an open covering Ui , i ∈ I , of M such that each Ui is endowed with a twisted
contact structure (ϑi,ωi) and on the overlaps Ui ∩ Uj there exist nowhere vanishing functions
fij satisfying ϑi = fijϑj and ωi = fijωj . Hence, the family (Ui,ϑi,ωi), i ∈ I , defines a locally
conformal twisted contact structure on M . Of course, in this case, the above decomposition of
TM holds locally.
Remark 2.1. We recall that an almost cosymplectic structure [25,29] on a (2n+ 1)-dimensional
smooth manifold M is defined by a pair (ϑ,Θ), where ϑ is a 1-form and Θ is a 2-form on M ,
such that ϑ ∧ Θn = 0 everywhere on M . So, a twisted contact structure (ϑ,ω) on M can be
viewed as an almost cosymplectic for which Θ = dϑ +ω. Reciprocally, each almost cosymplec-
tic manifold (M,ϑ,Θ) can be considered as twisted contact with ω =Θ − dϑ .
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almost cosymplectic structures: (i) on the sphere S5 by embedding it in the almost complex (so,
almost symplectic) manifold S6 and (ii) on the quadrics homeomorphic to S1 × R4, S2 × R3
and S3 × R2 by embedding they in the quadrics homeomorphic to S2 × R4 and S3 × R3 which
are also endowed with almost complex structures. From Remark 2.1, it is clear that the almost
cosymplectic structures obtained on S5 and on the 5-dimensional quadratics can be viewed as
twisted contact.
Let (M1,Λ1,E1,ω1) and (M2,Λ2,E2,ω2) be two twisted Jacobi manifolds. A smooth map
ψ :M1 →M2 is called twisted Jacobi map if it satisfies the following conditions
Λ2 =ψ∗Λ1, E2 =ψ∗E1 and ω1 =ψ∗ω2.
Moreover, we say that ψ :M1 → M2 is a conformal twisted Jacobi map if there exists
a non-vanishing smooth function a on M1 such that ψ is a twisted Jacobi map between
(M1,Λ
a
1,E
a
1 ,ω
a
1) and (M2,Λ2,E2,ω2).
A homogeneous twisted Poisson manifold [33] is an exact twisted Poisson manifold
(M,Λ,dω) [39],
1
2
[Λ,Λ] =Λ#(dω),
endowed with a vector field Z, called the homothety vector field of M , such that
LZΛ= −Λ and ω = i(Z)dω.1 (9)
Now, we establish a one to one correspondence between twisted Jacobi and homogeneous
twisted Poisson manifolds, as in the non-twisted framework [16].
Proposition 2.2. Let (M,Λ,dω,Z) be a homogeneous twisted Poisson manifold and M0 a
1-codimensional submanifold of M transverse to Z. Then, M0 receives an induced twisted Jacobi
structure (Λ0,E0,ω0) characterized by one of the following properties:
1. For any pair (f, g) of homogeneous functions of degree 1 with respect to Z, defined on an
open O of M , the bracket {f,g} is also a homogeneous function of degree 1 with respect
to Z.
2. Let  :U →M0 be the projection, along the integral curves of Z, of a tubular neighborhood
U of M0 in M onto M0 and a a function on U that is equal to 1 on M0 and homogeneous of
degree 1 with respect to Z. Then, the projection  is an a-conformal twisted Jacobi map.
Proof. We have that any homogeneous function f ∈ C∞(U,R) of degree 1 with respect to Z is
of type f = a ∗f0, where f0 ∈ C∞(M0,R). Hence, df = a ∗df0 + ∗f0da. Let (f, g) be a
pair of homogeneous functions of degree 1 with respect to Z, defined on an open O ⊂ U of M ,
and (f0, g0) the corresponding pair of functions on M0, i.e., f = a ∗f0 and g = a ∗g0. Then,
1 The natural definition of a homogeneous twisted Poisson manifold would be a twisted Poisson manifold (M,Λ,ϕ)
[39] with a vector field Z which would satisfy the equations LZΛ= −Λ andLZϕ = ϕ. But, LZϕ = ϕ ⇔ d(i(Z)ϕ)= ϕ,
whence we get that, in the homogeneous case, ϕ is exact, i.e., ϕ = dω with ω = i(Z)ϕ. Thus, ω = i(Z)dω ⇔ ω =LZω
and i(Z)ω = 0.
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= a2Λ( ∗df0, ∗dg0)+ aΛ( ∗df0, ∗g0da)+ aΛ( ∗f0da, ∗dg0). (10)
Since LZ(aΛ)= 0 and LZ(Λ#(da))= 0, the tensors fields aΛ and Λ#(da) are projectable along
the integral curves of Z. Let Λ0 =∗(aΛ) and E0 =∗(Λ#(da)) be their projections and {·,·}0
the bracket (4) defined by (Λ0,E0). Thus, (10) can be written as
{f,g} = a ∗(Λ0(df0, dg0)+ 〈f0dg0 − g0df0,E0〉)= a ∗{f0, g0}0,
which means that {f,g} is also homogeneous with respect to Z.
We regard (Λ,dω) as the twisted Jacobi structure (Λ,0,ω) on M and we consider its a-
conformal structure (Λa,Ea,ωa), Λa = aΛ, Ea =Λ#(da) and ωa = 1
a
ω, which is also twisted
Jacobi. Thus, the following equations hold.⎧⎨
⎩
1
2
[
Λa,Λa
]+Ea ∧Λa = (Λa)#(dωa)+ (Λa)#(ωa)∧Ea,[
Ea,Λa
]= ((Λa)# ⊗ 1)(dωa)(Ea)− (((Λa)# ⊗ 1)(ωa)(Ea))∧Ea. (11)
Since i(Z)dω = ω and LZa = a, we have LZωa = 0 and i(Z)ωa = 0, which mean that ωa is
projectable along the integral curves of Z. Let ω0 be the 2-form on M0 for which ωa =  ∗ω0.
So, dωa =  ∗dω0. Also, the equation [Z, [Λa,Λa]] = 0 means that [Λa,Λa] is projectable
onto M0 with respect to Z. Its projection is the Schouten bracket of the projection of Λa with
itself. Hence, by projecting the system (11) along the integral curves of Z and taking into account
that Λ0 =∗(aΛ) and E0 =∗(Λ#(da)), we obtain⎧⎨
⎩
1
2
[Λ0,Λ0] +E0 ∧Λ0 =Λ#0(dω0)+Λ#0(ω0)∧E0,
[E0,Λ0] =
(
Λ#0 ⊗ 1
)
(dω0)(E0)−
((
Λ#0 ⊗ 1
)
(ω0)(E0)
)∧E0,
that signify that (Λ0,E0,ω0) is a twisted Jacobi structure on M0 and  : (M,Λ,0,ω) →
(M0,Λ0,E0,ω0) is an a-conformal twisted Jacobi map. 
Proposition 2.3. (See [33].) Let (Λ,E,ω) be a twisted Jacobi structure on a smooth manifold M .
Its twisted poissonization defines a homogeneous twisted Poisson structure on M˜ =M×R whose
the bivector field Λ˜ and the 2-form ω˜ are given, respectively, by
Λ˜= e−s
(
Λ+ ∂
∂s
∧E
)
and ω˜ = esω,
and the homothety vector field is ∂
∂s
, where s is the canonical coordinate on R. The canonical
projection  :M×R →M is a es -conformal twisted Jacobi map and the induced twisted Jacobi
structure on M , viewed as the submanifold M × {0} of M˜ , in the sense of Proposition 2.2, is the
initial given one.
Corollary 2.4. When the structure (Λ,E) on M comes from a ω-twisted contact form ϑ on M ,
then Λ˜ is the inverse of the twisted symplectic form Ω˜ = d(es ∗ϑ) + es ∗ω on M˜ , which is
homogeneous with respect to ∂
∂s
, and reciprocally.
By applying the above results, we may construct another example of twisted contact manifold.
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ifold. As D. Roytenberg has observed [38], the cotangent bundle T ∗M of M is endowed with
a non-degenerate dω-twisted Poisson structure which corresponds to a dω-twisted symplectic
structure Ω = dϑ + ω, ϑ being the Liouville form on T ∗M . In a local coordinates system
(x1, . . . , xn,p1, . . . , pn) of T ∗M ,
ϑ =
n∑
i=1
pidxi and ω = 12
n∑
i,j,k,l=1
piλ
ijϕjkl dxk ∧ dxl,
where λij and ϕjkl are, respectively, the local components of Λ and ϕ. We remark that (Ω,ω)
is homogeneous with respect to the Liouville vector field Z = ∑ni=1 pi ∂∂pi of T ∗M . Consider
the action Φ of the multiplicative group R+ = (0,+∞) by dilations on the fibers of T ∗M \ {0},
i.e., for any x ∈ M and z ∈ T ∗x M , Φ(s, z) = sz. The cosphere bundle S∗M of M is the quotient
manifold (T ∗M \ {0})/R+. By working as in [37], we prove that the cone S∗M × R+ over
S∗M equipped with the homogeneous twisted symplectic structure (d(sϑ)+ sω, s ∂
∂s
), s ∈ R+, is
twisted symplectomorphic to (T ∗M \{0},Ω,Z). Thus, S∗M receives a twisted contact structure.
We continue with the study of the projection of a twisted Jacobi structure along the integral
curves of its vector field.
Proposition 2.5. Let (M,Λ,E,ω) be a twisted Jacobi manifold and M0 a submanifold of M , of
codimension 1, transverse to E. We denote by  :U → M0 the projection onto M0 of a tubular
neighborhood U of M0 in M along the integral curves of E, i.e., for any x0 ∈M0, −1(x0) is a
connected arc of the integral curve of E through x0, and by η the 1-form along M0 that verifies
i(E)η = 1 and i(X)η = 0, for any vector field X on M tangent to M0, and we set Z0 =Λ#(η). If
ω = ∗ω0, where ω0 is a 2-form on M0, then, there exists on M0 a unique exact twisted Poisson
structure (Λ0, dω0) such that  :U →M0 is a twisted Jacobi map and
LZ0Λ0 = −Λ0 −Λ#0
(
dω0(Z0, ·,·)−ω0
)
. (12)
Moreover, (Λ0, dω0,Z0) is homogeneous if and only if ω0 = dω0(Z0, ·,·).
Proof. Since (Λ,E,ω) defines a twisted Jacobi structure on M , (3) holds on M . Thus, because
of ω = ∗ω0 and ∗E = 0,
[E,Λ] = (Λ# ⊗ 1)( ∗dω0)(E)− ((Λ# ⊗ 1)( ∗ω0)(E))∧E
= −(∗Λ)#
(
dω0(∗E, ·,·)
)− (∗Λ)#(ω0(∗E, ·))∧E = 0, (13)
which means that Λ is projectable along the integral curves of E onto M0. Let Λ0 = ∗Λ be
its projection. Furthermore, (13) implies that [E, [Λ,Λ]] = 0, whence we get that [Λ,Λ] is also
projectable onto M0. Its projection ∗[Λ,Λ] is the Schouten bracket of the projection ∗Λ
of Λ with itself. Thus, by projecting the first equation of the system (3) parallel to the integral
curves of E, we obtain
1
2
[∗Λ,∗Λ] + (∗E)∧ (∗Λ)
=∗
(
Λ#
(
 ∗dω0
))+∗(Λ#( ∗ω0))∧ (∗E)⇔ 1 [Λ0,Λ0] =Λ#0(dω0), (14)2
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Now, by integrating along the integral curves of E and by restricting, if necessary, the tubular
neighborhood U of M0 in M , we can construct a function h on U such that h|M0 = 0 and
i(E)dh= 1, hence dh|M0 = η. Let Xh =Λ#(dh)+hE be the Hamiltonian vector field of h with
respect to (Λ,E). Since [E,Λ](dh, ·)= 0, [E,Xh] =E, which says that Xh is projectable onto
M0 along the integral curves of E. Let Z0 = ∗(Xh) = ∗(Λ#(dh)) be its projection which
coincides with the restriction Xh|M0 =Λ#(η) of Xh on M0.
In order to establish (12), we denote by {·,·} the composition law (4) on C∞(M,R) deter-
mined by (Λ,E) and by {·,·}0 the composition law in C∞(M0,R) defined by Λ0. Let (f0, g0)
be a pair of smooth functions on M0 and (f, g) = ( ∗f0, ∗g0) the associated pair of smooth
functions on M that are constant along the integral curves of E. We have
{f,g} = { ∗f0, ∗g0} (4)= Λ( ∗df0, ∗dg0)+ 〈 ∗f0 ∗dg0 − ∗g0 ∗df0,E〉
= ∗{f0, g0}0. (15)
On the other hand,
(Xh − 1){f,g} =
{
h, {f,g}}
(5)= {{h,f }, g}+ {f, {h,g}}+ (Λ,E)#(dω,ω)((dh,h), (df,f ), (dg, g))
= {(Xh − 1)f, g}+ {f, (Xh − 1)g}
+ (Λ,E)#(dω,ω)((dh,h), (df,f ), (dg, g)). (16)
But, for any f ∈ C∞(M,R) of type f = ∗f0 with f0 ∈ C∞(M0,R),
(Xh − 1)f = ∗
(
∗(Xh − 1)f0
)= ∗((Z0 − 1)f0). (17)
Also,
(Λ,E)#(dω,ω)
(
(dh,h), (df,f ), (dg, g)
)
(2)=
(
1
2
[Λ,Λ] +E ∧Λ
)
(dh, df, dg)+ h[E,Λ](df, dg)
+ f [E,Λ](dg, dh)+ g[E,Λ](dh, df )
(3)(13)= (Λ#(dω)+Λ#(ω)∧E)(dh, df, dg)
=Λ#( ∗dω0)(dh, ∗df0, ∗dg0)+Λ#( ∗ω0)(dh, ∗df0)〈 ∗dg0,E〉
+Λ#( ∗ω0)( ∗df0, ∗dg0)〈dh,E〉 +Λ#( ∗ω0)( ∗dg0, dh)〈 ∗df0,E〉
(1)=  ∗(−dω0(∗(Λ#(dh)),∗(Λ#( ∗df0)),∗(Λ#( ∗dg0))))
+ ∗(ω0(∗(Λ#( ∗df0)),∗(Λ#( ∗dg0))))
= ∗(−dω0(Z0,Λ#0(df0),Λ#0(dg0))+ω0(Λ#0(df0),Λ#0(dg0)))
(1)=  ∗((−Λ#0(dω0(Z0, ·,·))+Λ#0(ω0))(df0, dg0)). (18)
Thus, taking into account (15), (17) and (18), (16) takes the form
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(
(Z0 − 1){f0, g0}0
)
= { ∗((Z0 − 1)f0), ∗g0}+ { ∗f0, ∗((Z0 − 1)g0)}
+ ∗((−Λ#0(dω0(Z0, ·,·))+Λ#0(ω0))(df0, dg0)) (15)⇔
(Z0 − 1){f0, g0}0 =
{
(Z0 − 1)f0, g0
}
0 +
{
f0, (Z0 − 1)g0
}
0 +
(−Λ#0(dω0(Z0, ·,·))
+Λ#0(ω0)
)
(df0, dg0)⇔ LZ0{f0, g0}0 − {f0, g0}0
= {LZ0f0, g0}0 + {f0,LZ0g0}0 − 2{f0, g0}0
+ (−Λ#0(dω0(Z0, ·,·))+Λ#0(ω0))(df0, dg0)⇔
LZ0Λ0(df0, dg0)= −Λ0(df0, dg0)+
(−Λ#0(dω0(Z0, ·,·))+Λ#0(ω0))(df0, dg0),
whence we deduce (12). Also, according to (9) and (12), we get that (Λ0, dω0) is homogeneous
with respect to Z0 if and only if ω0 = dω0(Z0, ·,·). 
3. Twisted contact and homogeneous twisted symplectic groupoids
We recall some basic results about the Lie groupoids which are needed in below and we fix
our notations. For more detailed information, we suggest the following standard references [31,
4,18].
Let Γ
α⇒
β
Γ0 be a Lie groupoid with source map α and target map β . We denote by
– m :Γ2 → Γ the product map on the set of composable pairs Γ2 = {(g,h) ∈ Γ × Γ/α(g) =
β(h)} of Γ × Γ , (g,h) → m(g,h) = g · h, which is compatible with α and β , i.e., for any
(g,h) ∈ Γ2, α(g ·h)= α(h) and β(g ·h)= β(g), and associative, i.e., for any triple (g,h, k)
of composable elements, (g · h) · k = g · (h · k);
– ε :Γ0 ↪→ Γ the embedding of Γ0 into Γ , called the unit section of Γ , which associates a
unit with each element of Γ0,2 i.e., for any g ∈ Γ , g · ε(α(g))= g = ε(β(g)) ·g, and satisfies
α ◦ ε = β ◦ ε = IdΓ0 ;
– ι :Γ → Γ the inversion map, g → ι(g) = g−1, which has the following properties: for any
g ∈ Γ , α(g−1)= β(g), β(g−1)= α(g), g−1 · g = ε(α(g)) and g · g−1 = ε(β(g)).
For each g ∈ Γ , the maps Lg :β−1(α(g)) → β−1(β(g)), h → Lg(h) = g · h, and Rg:
α−1(β(g)) → α−1(α(g)), h → Rg(h) = h · g, are smooth diffeomorphisms and they are called
the left translation and the right translation by g, respectively. We denote by C∞L (Γ,R) (resp.
C∞R (Γ,R)) the set of left (resp. right) invariant functions on Γ , i.e., the set of smooth func-
tions on Γ that are invariant by the left (resp. right) translations. It is easy to verify that
C∞L (Γ,R) = α∗C∞(Γ0,R) (resp. C∞R (Γ,R) = β∗C∞(Γ0,R)). Also, we say that a vector field
X on Γ is a left invariant vector field (resp. right invariant vector field) if it is tangent to β-fibers,
so β∗(X) = 0, (resp. tangent to α-fibers, so α∗(X) = 0) and invariant under the left translations,
i.e., Lg∗(X(h))=X(g · h), (resp. the right translations, i.e., Rg∗(X(h))=X(h · g)).
Let A(Γ ) = kerβ∗ ∩ TΓ0Γ be the vector bundle over Γ0 consisting of tangent spaces to β-
fibers at the points of Γ0. By left translations, each section of A(Γ ) gives rise to a unique left
invariant vector field on Γ . Hence, the space of smooth sections Γ (A(Γ )) of A(Γ ) may be
2 For this reason, Γ0 called, also, manifold of units.
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the usual Lie bracket [·,·] on T Γ . So, Γ (A(Γ )) inherits a Lie bracket [·,·]. A(Γ ) equipped
with the above bracket and the restriction to A(Γ ) of the linear bundle map T α :T Γ → T Γ0 as
anchor map, becomes a Lie algebroid over Γ0. (A(Γ ), [·,·], T α) called the Lie algebroid of the
Lie groupoid Γ
α⇒
β
Γ0.
Recall that a Lie algebroid [31,18] over a smooth manifold M is a real vector bundle A→M
together with a Lie bracket [·,·] on the space of smooth sections Γ (A) and a bundle map ρ :A→
TM , called the anchor map, whose extension to sections satisfies the Leibniz identity
[s1, f s2] = f [s1, s2] +
(
ρ(s1)f
)
s2, for all s1, s2 ∈ Γ (A) and f ∈ C∞(M,R).
Moreover, the presence of a multiplicative function r on a (Lie) groupoid Γ α⇒
β
Γ0, i.e., for
any (g,h) ∈ Γ2, r(g · h) = r(g) + r(h), permits us to define a left groupoid action of Γ on the
canonical projection  : Γ˜0 = Γ0 × R → Γ0 defined by the map
acr :Γ  Γ˜0 → Γ˜0, acr
(
g, (x, s)
)= (β(g), s − r(g)), (19)
where Γ  Γ˜0 = {(g, (x, s)) ∈ Γ × Γ˜0/α(g) = (x, s) = x}. Then, Γ  Γ˜0 itself has a (Lie)
groupoid structure [31,18] with manifold of units Γ˜0 and it is called the action groupoid associ-
ated to acr . It is easy to see that Γ  Γ˜0 may be identified with the product manifold Γ˜ = Γ ×R.
Under this identification, the structural maps α˜ (source) and β˜ (target) of Γ˜ are given, respec-
tively, by
α˜(g, s)= (α(g), s) and β˜(g, s)= (β(g), s − r(g)), for any (g, s) ∈ Γ˜ .
The set Γ˜2 of composable pairs of Γ˜ × Γ˜ is identified with Γ2 × R via the map((
g1, s2 − r(g2)
)
, (g2, s2)
) → ((g1, g2), s2),
and the multiplication m˜ on Γ˜2 is defined by
m˜
((
g1, s2 − r(g2)
)
, (g2, s2)
)= (m(g1, g2), s2).
While, the inversion map of Γ˜ is ι˜(g, s)= (ι(g), s − r(g)) and the unit section of Γ˜ is ε˜(x, s)=
(ε(x), s).
3.1. Twisted contact groupoids
Definition 3.1. A twisted contact groupoid is a Lie groupoid Γ
α⇒
β
Γ0 of dimension 2n + 1
equipped with a ω-twisted contact form ϑ , ω being a 2-form on Γ of type ω = α∗ω0 − e−rβ∗ω0,
where ω0 ∈ Γ (∧2 T ∗Γ0) and r is a smooth function on Γ , such that
m∗ϑ = pr∗2
(
e−r
) · pr∗1ϑ + pr∗2ϑ (20)
holds on the set of composable pairs Γ2 of Γ × Γ . In (20), pri :Γ2 ⊂ Γ × Γ → Γ denotes the
projection on the i-factor, i = 1,2, of Γ2.
In the next proposition we establish the basic properties of a twisted contact groupoid.
Proposition 3.2. Let (Γ
α⇒
β
Γ0, ϑ,ω, r) be a twisted contact groupoid and (A(Γ ), [·,·], T α) its
Lie algebroid. We denote by (ΛΓ ,EΓ ,ω) the (dω,ω)-twisted Jacobi structure on Γ defined by
(ϑ,ω). Then
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of Γ , i.e., r ◦ ε = 0, and r ◦ ι= −r .
ii) ι∗ϑ = −erϑ .
iii) Γ0, identified with ε(Γ0), is a Legendrian submanifold of Γ , i.e., dimΓ0 = n and ε∗ϑ = 0.
iv) EΓ is a left invariant vector field and it has r as first integral.
v) For any section Xl0 of A(Γ )→ Γ0, we write with Xl (resp. Xr ) the left (resp. right) invari-
ant vector field on Γ generated by Xl0 (resp. −ι∗Xl0). Let El0 be the section of A(Γ ) → Γ0
that corresponds to EΓ , i.e., EΓ =El . Then
Λ#Γ (dr)=El − erEr . (21)
vi) ι :Γ → Γ is a −e−r -twisted conformal Jacobi map.
vii) A vector field Y on Γ is left (resp. right) invariant if and only if there exists (ζ0, f0) ∈
Γ (T ∗Γ0 × R) such that
Y =Λ#Γ
(
α∗ζ0
)+ α∗f0El (resp. Y = e−rΛ#Γ (β∗ζ0)+ β∗f0Er). (22)
viii) For any pair (f0, g0) of smooth functions on Γ0, {α∗f0, e−rβ∗g0} = 0, where {·,·} denotes
the bracket (4) on C∞(Γ,R) defined by (ΛΓ ,EΓ ).
Proof. i) We consider the tangent groupoid T Γ T α⇒
Tβ
T Γ0 of Γ
α⇒
β
Γ0 [32]. The set of composable
pairs in T Γ × T Γ is T Γ2 with composition law ⊕ the tangent map Tm of m, i.e., for any pair
(X,Y ) ∈ T(g,h)Γ2, where X = dg(t)dt |t=0 ∈ TgΓ , Y = dh(t)dt |t=0 ∈ ThΓ , and (g(t), h(t)), t ∈ R, is
a path in Γ2 with (g,h)= (g(0), h(0)),
X ⊕ Y = T(g,h)m(X,Y ) = d
dt
(
g(t) · h(t))∣∣
t=0.
From the associativity of Tm and (20) we deduce the multiplicativity of r . Also, for any g ∈ Γ ,
we have r(g) = r(g · ε(α(g))) = r(g) + r(ε(α(g))) and r(g) = r(ε(β(g)) · g) = r(ε(β(g))) +
r(g), whence, taking into account the surjectivity of the submersions α and β , we get r ◦ ε = 0.
Furthermore, from the relation g−1 · g = ε(α(g)) and the above results, we take r(g−1 · g) =
r(ε(α(g))) ⇔ r(g−1)+ r(g)= 0 ⇔ (r ◦ ι)(g)= −r(g), for any g ∈ Γ . Thus, r ◦ ι= −r .
ii) For any g ∈ Γ and X ∈ Γ (T Γ ),
Xg =Xg ⊕ ε∗(α∗X)ε(α(g)) = ε∗(β∗X)ε(β(g)) ⊕Xg, (23)
since g = g · ε(α(g))= ε(β(g)) · g. So, from the multiplicativity (20) of ϑ , we get
ϑg(Xg)= ϑg·ε(α(g))
(
Xg ⊕ ε∗(α∗X)ε(α(g))
)
= e−r(ε(α(g)))ϑg(Xg)+ ϑε(α(g))
(
ε∗(α∗X)ε(α(g))
)
and
ϑg(Xg)= ϑε(β(g))·g
(
ε∗(β∗X)ε(β(g)) ⊕Xg
)= e−r(g)ϑε(β(g))(ε∗(β∗X)ε(β(g)))+ ϑg(Xg),
whence, taking into consideration of r ◦ ε = 0 and of surjectivity of T α and Tβ , we obtain
ε∗ϑ = 0. Moreover, from the properties of ι and (20), we get
ϑε(α(g)) = ϑg−1·g = e−r(g)ϑg−1 + ϑg ⇔ 0 = e−r(g)ϑg−1 + ϑg ⇔
ϑg−1 = −er(g)ϑg, ∀g ∈ Γ,
which means that ι∗ϑ = −erϑ .
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submanifold of Γ , it is enough to show that dimΓ0 = n. We consider the horizontal bundle H
on Γ which is of type H = kerϑ and, for any g ∈ Γ , we denote by Hg the hyperplane through
g. Because ι∗ϑ = −erϑ , H is invariant by inversion. Furthermore, for any (X,Y ) ∈ Hg × Hh
with (g,h) ∈ Γ2, m∗ϑ(g,h)(X,Y ) (20)= e−r(h)ϑg(X) + ϑh(Y ) ⇔ ϑg·h(X ⊕ Y) = 0 ⇔ X ⊕ Y ∈
kerϑg·h = Hg·h, which means that H is closed with respect to Tm. Hence, by developing the
argumentation of P. Dazord [17] for the pair (H, dϑ +ω), we get dimΓ0 = n.
iv) At every point of ε(Γ0) ≡ Γ0, the vector field EΓ can be decomposed as EΓ =
El0 + ε∗(β∗(EΓ )), where El0 is the tangent component to the β-fiber through the considered
point. Let El be the left invariant vector field on Γ generated by El0. We have, at each g ∈ Γ ,
Elg = 0g ⊕ Elε(α(g)). Therefore, ϑg(Elg) = ϑg·ε(α(g))(0g ⊕ Elε(α(g)))
(20)= e−r(ε(α(g)))ϑg(0g) +
ϑε(α(g))(E
l
ε(α(g))) = ϑε(α(g))(Elε(α(g))). But, 1 = ϑε(α(g))(EΓ ε(α(g))) = ϑε(α(g))(Elε(α(g)) +
ε∗(β∗(EΓ ))ε(α(g)))= ϑε(α(g))(Elε(α(g))). Consequently,
ϑg
(
Elg
)= 1. (24)
By exterior differentiation of (20), we obtain
m∗dϑ = pr∗2de−r ∧ pr∗1ϑ + pr∗2e−r · pr∗1dϑ + pr∗2dϑ, (25)
and we apply (25) to the pair (Elg,EΓg) of vectors at the point g = g ·ε(α(g)). Because r ◦ε = 0,
Elg = 0g ⊕Elε(α(g)) and EΓg =EΓg ⊕ ε∗(α∗(EΓ ))ε(α(g)), we take
dϑg
(
Elg,EΓg
)= de−r(ε(α(g)))(Elε(α(g)))ϑg(EΓg)
+ dϑε(α(g))
(
Elε(α(g)), ε∗(α∗EΓ )ε(α(g))
) (7)⇔
ωg
(
EΓg,E
l
g
)= de−r(ε(α(g)))(Elε(α(g)))+ dϑε(α(g))(Elε(α(g)), ε∗(α∗EΓ )ε(α(g))). (26)
We compare dϑε(α(g))(Elε(α(g)), ε∗(α∗(EΓ ))ε(α(g))) with dϑg(Elg,EΓg). From (24) and the fact
ε∗ϑ = 0, we get
dϑε(α(g))
(
Elε(α(g)), ε∗
(
α∗(EΓ )
)
ε(α(g))
)= −ϑε(α(g))([Elε(α(g)), ε∗(α∗(EΓ ))ε(α(g))])
and
dϑg
(
Elg,EΓg
)= −ϑg([Elg,EΓg]).
But, [
Elg,EΓg
]= [0g ⊕Elε(α(g)),EΓg ⊕ ε∗(α∗(EΓ ))ε(α(g))]
= [0g,EΓg] ⊕
[
Elε(α(g)), ε∗
(
α∗(EΓ )
)
ε(α(g))
]
. (27)
So, ϑg([Elg,EΓg]) (20)(27)= ϑε(α(g))([Elε(α(g)), ε∗(α∗(EΓ ))ε(α(g))]), which yields
dϑε(α(g))
(
Elε(α(g)), ε∗
(
α∗(EΓ )
)
ε(α(g))
)= dϑg(Elg,EΓg). (28)
Consequently, (26) can be written as
(dϑg +ωg)
(
EΓg,E
l
g
)= de−r(ε(α(g)))(El ) · ϑg(EΓg), (29)ε(α(g))
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equation and (29), we take
(dϑg +ωg)
(
Elg, ·
)= −de−r(ε(α(g)))(Elε(α(g))) · ϑg = 0,
which means that Elg and EΓg are parallel vectors of TgΓ . Also, we have ϑg(EΓg)
(7)= 1 (24)=
ϑg(E
l
g). Hence, we conclude that, for any g ∈ Γ , EΓg =Elg , which means that EΓ is left invari-
ant.
Next, we will show that r is a first integral of EΓ . At every point of ε(Γ0) ≡ Γ0, the vector
field EΓ can be decomposed as EΓ = Er0 + ε∗(α∗(EΓ )), where Er0 is the tangent compo-
nent to the α-fiber through the considered point. Let Er be the right invariant vector field
on Γ generated by Er0. Because, for any g ∈ Γ , g = ε(β(g)) · g and Erg = Erε(β(g)) ⊕ 0g ,
ϑg(E
r
g) = ϑε(β(g))·g(Erε(β(g)) ⊕ 0g)
(20)= e−r(g)ϑε(β(g))(Erε(β(g))). But, 1
(7)= ϑε(β(g))(EΓ ε(β(g))) =
ϑε(β(g))(E
r
ε(β(g))). So, ϑg(E
r
g)= e−r(g). Also,
dϑg
(
Erg,EΓg
)= dϑε(β(g))·g(Erε(β(g)) ⊕ 0g,0ε(β(g)) ⊕EΓg) (7)(25)⇔
ωg
(
EΓg,E
r
g
)= −de−r(g)(EΓg) · ϑε(β(g))(Erε(β(g)))⇔
ω0α(g)
(
α∗(EΓ )α(g), α∗
(
Er
)
α(g)
)−ω0β(g)(β∗(EΓ )β(g), β∗(Er)β(g))= −de−r(g)(EΓg)⇔
0 = −de−r(g)(EΓg),
whence we conclude LEΓ r = 0.
v) We consider the Hamiltonian vector field Xe−r =Λ#Γ (de−r )+ e−rEΓ of e−r and the right
invariant vector field Er on Γ defined in the proof of (v). We apply (25) to the pair (Er,Xe−r )
at a point g = ε(β(g)) · g of Γ and we prove, as in (iv), that Xe−r = Er . Since EΓ = El at
the points of ε(Γ0) ≡ Γ0, we have El0 = Er0 + ε∗(α∗(El0)). Thus, 0 = β∗(Er0 + ε∗(α∗(El0))) =
β∗(Er0) + α∗(El0) = β∗(Er0) + β∗(ι∗El0). Because Er0 + ι∗El0 is tangent to α-fibers, the above
equation yields that Er0 + ι∗El0 = 0, whence we deduce that Er coincide with the right invariant
vector field on Γ generated by −ι∗El0. Hence, (21) holds.
vi) It is enough to prove that ι∗(−e−rΛΓ ) = ΛΓ , ι∗X−e−r = EΓ and ι∗ω = −erω. Since
α ◦ ι= β , β ◦ ι= α and r ◦ ι= −r , we have ι∗ω = ι∗(α∗ω0 − e−rβ∗ω0)= β∗ω0 − e−r◦ια∗ω0 =
−erω. Also, ι∗X−e−r = ι∗(−Er)=El and, for any ζ ∈ T ∗g−1Γ ,
ι∗
[
i
((
Tgι ◦
(−e−r(g)ΛΓg)# ◦ Tgι)(ζ ))(dϑ +ω)g−1]
= i((−e−r(g)ΛΓg)#(ι∗ζ ))ι∗[(dϑ +ω)g−1]
= i((−e−r(g)ΛΓg)#(ι∗ζ ))[−er(g)(dϑ +ω)g − er(g)dr ∧ ϑg]
= i(Λ#Γg(ι∗ζ ))(dϑ +ω)g +ΛΓg(ι∗ζ, dr)ϑg
(8)(21)= −ι∗ζ + 〈ι∗ζ,EΓg 〉ϑg − 〈ι∗ζ,Elg〉ϑg + 〈ι∗ζ, er(g)Erg 〉ϑg
(ii)= −ι∗ζ − 〈ζ, ι∗Erg 〉ι∗(ϑg−1)
= ι∗[−ζ + 〈ζ,EΓg−1〉ϑg−1]
= ι∗[i(Λ#
Γg−1(ζ )
)
(dϑ +ω)g−1
]
,
whence we obtain T ι ◦ (−e−rΛΓ )# ◦ t T ι=Λ# , since H = ImΛ# is invariant by ι.Γ Γ
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and the fact that ω = α∗ω0 − e−rβ∗ω0.
viii) We consider a pair (f0, g0) of smooth functions on Γ0 and we compute the bracket
{α∗f0, e−rβ∗g0}. Since Tβ ◦Λ#Γ ◦ t T α = 0 (see [17]), LEΓ r = 0 and β∗(EΓ )= 0, we have{
α∗f0, e−rβ∗g0
}= e−rβ∗g0〈α∗df0,Λ#Γ (dr)−EΓ 〉.
But, in (v) we proved that Λ#Γ (dr) − EΓ = −erXe−r and Xe−r is right invariant. So,
α∗(Λ#Γ (dr)−EΓ ) = 0 and {α∗f0, e−rβ∗g0} = 0. The last equation means that the twisted con-
tact Hamiltonian vector fields corresponding to the left invariant functions of Γ have as first
integrals the right invariant functions of Γ multiplied by e−r , and reciprocally. 
Now, we can formulate the following theorem.
Theorem 3.3. Let (Γ
α⇒
β
Γ0, ϑ,ω, r), ω = α∗ω0 − e−rβ∗ω0 with ω0 ∈ Γ (∧2 T ∗Γ0), be a twisted
contact groupoid, (A(Γ ), [·,·], T α) its associated Lie algebroid, and (ΛΓ ,EΓ ,ω) the twisted
Jacobi structure on Γ defined by the ω-twisted contact form ϑ . Then
1) (ΛΓ ,EΓ ,ω) induces on Γ0 a twisted Jacobi structure (Λ0,E0,ω0) such that α :Γ → Γ0 is
a twisted Jacobi map and β :Γ → Γ0 is a −e−r -conformal twisted Jacobi map.
2) The map
I :Γ
(
T ∗Γ0 × R
)→ Γ (A(Γ ))
(ζ0, f0) →Λ#Γ
(
α∗ζ0
)+ α∗f0El
induces a Lie algebroid isomorphism between (T ∗Γ0 × R, {·,·}ω0,π ◦ (Λ0,E0)#), which is
the Lie algebroid over Γ0 determined by (Λ0,E0,ω0), and (A(Γ ), [·,·], T α).
Proof. 1) Let (f0, g0) be a pair of smooth functions on Γ0 and (α∗f0, α∗g0) the corresponding
pair of left invariant functions on Γ . We have{
α∗f0, α∗g0
}=ΛΓ (α∗df0, α∗dg0)+ 〈α∗f0α∗dg0 − α∗g0α∗df0,EΓ 〉.
Obviously, the function ΛΓ (α∗df0, α∗dg0) is left invariant. On the other hand, since EΓ is
left invariant, it acts by differentiation on C∞L (Γ,R) = α∗C∞(Γ0,R) [4]. Thus, 〈α∗f0α∗dg0 −
α∗g0α∗df0,EΓ 〉 is also a left invariant function on Γ . So, {α∗f0, α∗g0} is left invariant. Con-
sequently, there exists h0 ∈ C∞(Γ0,R), h0 = ε∗{α∗f0, α∗g0}, such that {α∗f0, α∗g0} = α∗h0.
The map (f0, g0) → h0 endows C∞(Γ0,R) with an internal composition law {·,·}0 which is
the bracket (4) defined by a twisted Jacobi structure (Λ0,E0,ω0) on Γ0. Effectively, for any
u0, v0 ∈ C∞(Γ0),
{
α∗u0, α∗v0
} (4)= ΛΓ (α∗du0, α∗dv0)+ 〈α∗u0α∗dv0 − α∗v0α∗du0,EΓ 〉⇔
α∗{u0, v0}0 = α∗
(
Λ0(du0, dv0)+ 〈u0dv0 − v0du0,E0〉
)
,
where Λ0 is the bivector field on Γ0 associated to Λ#0 = T α ◦Λ#Γ ◦ t T α and E0 = α∗(EΓ ). Since
α is a submersion surjective, the last equation means that {·,·}0 is the bracket (4) defined by
(Λ0,E0). Moreover, for any u0, v0,w0 ∈ C∞(Γ0),
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α∗u0, {α∗v0, α∗w0}
}+ c.p.
(5)(3)= (Λ#Γ (dω)+Λ#Γ (ω)∧EΓ )(α∗du0, α∗dv0, α∗dw0)+ α∗u0((Λ#Γ ⊗ 1)(dω)(EΓ )
− (Λ#Γ ⊗ 1)(ω)(EΓ )∧EΓ )(α∗dv0, α∗dw0)+ c.p. (30)
The left side of (30) is equal to α∗({u0, {v0,w0}0}0 + c.p.). However, taking into consideration
that ω = α∗ω0 − e−rβ∗ω0, β∗EΓ = 0 and LEΓ r = 0, the right side of (30) can be written as
α∗
((
Λ#0(dω0)+Λ#0(ω0)∧E0
)
(du0, dv0, dw0)
)
+ [α∗u0α∗(((Λ#0 ⊗ 1)(dω0)(E0)− (Λ#0 ⊗ 1)(ω0)(E0)∧E0)(dv0, dw0))+ c.p.].
From the above results and the surjectivity of the submersion α, we deduce that, for any
u0, v0,w0 ∈ C∞(Γ0,R),{
u0, {v0,w0}0
}
0 + c.p.
= (Λ#0(dω0)+Λ#0(ω0)∧E0)(du0, dv0, dw0)+ u0(((Λ#0 ⊗ 1)(dω0)(E0)
− (Λ#0 ⊗ 1)(ω0)(E0)∧E0)(dv0, dw0))+ c.p.,
which means that (Λ0,E0,ω0) defines a twisted Jacobi structure on Γ0. By construction, α is a
twisted Jacobi map.
Since α is a twisted Jacobi map and ι is a −e−r -conformal twisted Jacobi map (see Proposi-
tion 3.2), their composition β = α ◦ ι is a −e−r -conformal twisted Jacobi map.
2) In order to show that I :Γ (T ∗Γ0 × R)→ Γ (A(Γ )) induces a Lie algebroid isomorphism,
it suffices to prove that I is compatible with the brackets and the anchors maps and that kerI =
(0,0). We denote also by α∗ the map from Γ (T ∗Γ0 ×R) to Γ (T ∗Γ ×R) given, for any (ζ0, f0) ∈
Γ (T ∗Γ0×R), by α∗(ζ0, f0)= (α∗ζ0, α∗f0). Being EΓ =El , we have I = π ◦(ΛΓ ,EΓ )#◦ t T α.
Since α is a twisted Jacobi map, Tβ ◦Λ#Γ ◦ t T α = 0 and EΓ is left invariant, it is easy to check
that α∗ is a Lie algebras homomorphism, i.e., for all (ζ0, f0), (η0, g0) ∈ Γ (T ∗Γ0 × R),
α∗
({
(ζ0, f0), (η0, g0)
}ω0)= {α∗(ζ0, f0), α∗(η0, g0)}ω. (31)
Thus, by applying the anchor map π ◦ (ΛΓ ,EΓ )# to (31), we obtain
I
({
(ζ0, f0), (η0, g0)
}ω0)= (π ◦ (ΛΓ ,EΓ )#){α∗(ζ0, f0), α∗(η0, g0)}ω
= [(π ◦ (ΛΓ ,EΓ )#)(α∗(ζ0, f0)), (π ◦ (ΛΓ ,EΓ )#)(α∗(η0, g0))]
= [I((ζ0, f0)),I((η0, g0))],
which signifies that I is compatible with the brackets on Γ (T ∗Γ0 × R) and Γ (A(Γ )). As well,
we have T α ◦ I = T α ◦ π ◦ (ΛΓ ,EΓ )# ◦ t T α = π ◦ T α ◦ (ΛΓ ,EΓ )# ◦ t T α = π ◦ (Λ0,E0)#,
whence we get the compatibility of I with the anchors of T ∗Γ0 × R and A(Γ ). Moreover,
since kerϑ = ImΛ#Γ and ker(dϑ + ω) = 〈El〉 are complementary subbundles of T Γ and α
is a submersion surjective, I(ζ0, f0) = Λ#Γ (α∗ζ0)+ α∗f0El = 0 if and only if (ζ0, f0) = (0,0).
So, kerI = (0,0). 
3.2. Homogeneous twisted symplectic and twisted contact groupoids
We complete this section by investigating, in the groupoid framework, the relationship which
links homogeneous twisted symplectic structures with twisted contact structures. For this reason,
we recall the following concepts.
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Γ0 [31] is a pair of vectors fields (Z,Z0),
where Z ∈ Γ (T Γ ) and Z0 ∈ Γ (T Γ0), such that Z :Γ → T Γ is a morphism of Lie groupoids
over Z0 :Γ0 → T Γ0, when T Γ T α⇒
Tβ
T Γ0 is endowed with the tangent Lie groupoid structure. The
above condition is equivalent to the property that the flows Ψt of Z are (local) Lie groupoid
automorphisms over the flows ψt of Z0.
A twisted symplectic groupoid [6] is a Lie groupoid Γ α⇒
β
Γ0 equipped with a non-degenerate
multiplicative 2-form Ω on Γ , i.e., m∗Ω = pr∗1Ω + pr∗2Ω , where pri :Γ2 → Γ is the projection
on the i-factor, i = 1,2, of Γ2, and a closed 3-form φ0 on Γ0 such that dΩ = α∗φ0 −β∗φ0. If the
closed 3-form φ0 is exact, i.e., φ0 = dω0 with ω0 ∈ Γ (∧2 T ∗Γ0), we say that (Γ α⇒
β
Γ0,Ω,dω0)
is an exact twisted symplectic groupoid. Then, Ω has the particular type Ω = α∗ω0 −β∗ω0 +dη,
where η is a 1-form on Γ , and it is multiplicative if and only if dη is.
Taking into consideration the first footnote, we introduce the notion of a homogeneous twisted
symplectic groupoid as follows.
Definition 3.4. A homogeneous twisted symplectic groupoid is an exact twisted symplec-
tic groupoid (Γ
α⇒
β
Γ0,Ω,dω0) endowed with a multiplicative vector field (Z,Z0) such that
LZΩ =Ω and i(Z0)dω0 = ω0.
Hence, we have
Proposition 3.5. If (Γ α⇒
β
Γ0, ϑ,ω, r), ω = α∗ω0 − e−rβ∗ω0 with ω0 ∈ Γ (∧2 T ∗Γ0), is a
(2n+1)-dimensional twisted contact groupoid, then its action groupoid Γ˜ α˜⇒
β˜
Γ˜0, which is defined
by (19), endowed with the structure (Ω˜, dω˜0, ( ∂∂s , ∂∂s )), where Ω˜ = d(esϑ) + esω, ω˜0 = esω0
and s is the canonical coordinate on R, is a homogeneous twisted symplectic groupoid, and
reciprocally.
Proof. By construction, dim Γ˜ = 2n + 2. So, Ω˜ is of maximal rank on Γ˜ , i.e., Ω˜2n+2 = 0, if
and only if ϑ ∧ (dϑ + ω)n = 0, i.e., (ϑ,ω) is a twisted contact structure on Γ . Furthermore,
dΩ˜ = d(esω) = d(es(α∗ω0 − e−rβ∗ω0)) = d(esα∗ω0) − d(es−rβ∗ω0) = α˜∗(dω˜0) − β˜∗(dω˜0)
and the multiplicativity of Ω˜ is equivalent with that of (ϑ, r). Effectively, let p˜ri be the projection
on the i-factor, i = 1,2, of Γ˜2 and ((g1, s2 − r(g2)), (g2, s2)) an element of Γ˜2. Since Ω˜ =
esds ∧ ϑ + esdϑ + esω, we have
m˜∗Ω˜((g1,s2−r(g2)),(g2,s2)) = Ω˜(m(g1,g2),s2)
= es2[ds ∧ ϑm(g1,g2) + dϑm(g1,g2) +ωm(g1,g2)] (32)
and (
p˜r∗1Ω˜ + p˜r∗2Ω˜
)
((g1,s2−r(g2)),(g2,s2)) = Ω˜(g1,s2−r(g2)) + Ω˜(g2,s2)
= es2−r(g2)d(s − r)∧ ϑg1 + es2−r(g2)(dϑg1 +ωg1)
+ es2ds ∧ ϑg + es2dϑg + es2ωg . (33)2 2 2
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ponents of (32) and (33) containing ds are equals and as also ones containing ω. The first
equality gives us ϑm(g1,g2) = e−r(g2)ϑg1 + ϑg2 , whence we obtain (20). From the second equal-
ity, taking into account that α(g1 · g2) = α(g2), β(g1 · g2) = β(g1) and α(g1) = β(g2), we get
ωm(g1,g2) = e−r(g2)ωg1 +ωg2 ⇔ r(g1 · g2)= r(g1)+ r(g2).
Finally, it is enough to show that ( ∂
∂s
, ∂
∂s
) is a multiplicative vector field on Γ˜
α˜⇒
β˜
Γ˜0 and
(Ω˜, ω˜0) is homogeneous with respect to ( ∂∂s ,
∂
∂s
). By considering the identifications T Γ˜ ≡ T Γ ×
TR and T Γ˜0 ≡ T Γ0 × TR, we can easily check that T α˜ ◦ ∂∂s = ∂∂s ◦ α˜, T β˜ ◦ ∂∂s = ∂∂s ◦ β˜ and
T m˜( ∂
∂s
, ∂
∂s
)= ∂
∂s
◦ m˜. Hence, ( ∂
∂s
, ∂
∂s
) is a multiplicative vector field on Γ˜ . The homogeneity of
(Ω˜, ω˜0) with respect to ( ∂∂s ,
∂
∂s
) is obvious. 
Moreover, by adapting Theorem 2.6 of A. Cattaneo and P. Xu [6] in the homogeneous case,
we obtain
Theorem 3.6. Let (Γ
α⇒
β
Γ0,Ω,dω0, (Z,Z0)) be a homogeneous twisted symplectic groupoid,
(A(Γ ), [·,·], T α) its associated Lie algebroid, and (Λ,dω,Z), ω = α∗ω0 − β∗ω0, the homoge-
neous twisted Poisson structure on Γ defined by (Ω,dω). Then
1) (Λ,dω,Z) induces on Γ0 a homogeneous twisted Poisson structure (Λ0, dω0,Z0) such that
α :Γ → Γ0 is a twisted Poisson map and β :Γ → Γ0 is a twisted anti-Poisson map.
2) If (T ∗Γ0, ·,·dω0,Λ#0) is the Lie algebroid over Γ0 determined by (Λ0, dω0), i.e., for any
ζ0, η0 ∈ Γ (T ∗Γ0),
ζ0, η0
dω0 = LΛ#0(ζ0)η0 − LΛ#0(η0)ζ0 − dΛ0(ζ0, η0)+ dω0
(
Λ#0(ζ0),Λ
#
0(η0), ·
)
,
the map J :Γ (T ∗Γ0) → Γ (A(Γ )), ζ0 → Λ#(α∗ζ0),3 induces a Lie algebroid isomorphism
between (T ∗Γ0, ·,·dω0,Λ#0) and (A(Γ ), [·,·], T α).
Proof. Taking into account the results of [6] and our data i(Z0)dω0 = ω0, we have only to
check the homogeneity of Λ0 with respect to Z0, where Λ0 = α∗Λ = −β∗Λ. Since Λ is the
inverse of Ω and LZΩ = Ω , we get LZΛ = −Λ. Also, from the multiplicativity of (Z,Z0) on
Γ , we have T α ◦ Z = Z0 ◦ α and Tβ ◦ Z = Z0 ◦ β . So, because α is a submersion surjective,
LZ0Λ0 = Lα∗Z(α∗Λ)= α∗(LZΛ)= α∗(−Λ)= −Λ0. 
Using Proposition 3.5 and Theorem 3.6, we can formulate the following
Proposition 3.7. Let (Γ
α⇒
β
Γ0, ϑ,ω, r) be a twisted contact groupoid, (Λ0,E0,ω0) its induced
twisted Jacobi structure on Γ0 (Theorem 3.3) and (Γ˜
α˜⇒
β˜
Γ˜0, Ω˜, dω˜0, (
∂
∂s
, ∂
∂s
)) its associated
homogeneous twisted symplectic groupoid whose the induced homogeneous twisted Poisson
3 Using the same argumentation as in the case of symplectic groupoids [9], we can show that the left invariant vectors
fields on a twisted symplectic groupoid (Γ
α
⇒ Γ0,Ω,φ0) is of type Λ#(α∗ζ0), where ζ0 ∈ Γ (T ∗Γ0).
β
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coincides with (Λ˜0, dω˜0, ∂∂s ).
3.3. Examples of twisted contact and homogeneous twisted symplectic groupoids
1. A twisted contact groupoid constructed by a twisted contact manifold. Let (Γ0, ϑ0,ω0) be
a 2n+ 1-dimensional, simply connected, twisted contact manifold and (Λ0,E0) the correspond-
ing twisted Jacobi structure on Γ0 characterized by (7) and (8). We consider the pair groupoid
Γ0 × Γ0
p2
⇒
p1
Γ0 of Γ0, pi , i = 1,2, being the projection on the i-factor, and the vector bundle
groupoid R
π⇒
π
{0}. By identifying Γ0 × {0} with Γ0, we construct the product groupoid Γ α⇒
β
Γ0
of Γ0 × Γ0 with R, i.e., Γ = Γ0 × Γ0 × R. The structure maps α and β of Γ are, respectively,
the projections on the second and first factor of Γ , that are α(x, y, t)= y and β(x, y, t)= x. The
multiplication map m on Γ2 = {((x, y, t), (y, z, s))/x, y, z ∈ Γ0 and t, s ∈ R} ⊂ Γ × Γ is given
by m((x, y, t), (y, z, s)) = (x, z, t + s), the inversion map ι :Γ → Γ by ι(x, y, t) = (y, x,−t)
and the embedding ε :Γ0 ↪→ Γ by ε(x)= (x, x,0). The triple (ϑ,ω, r), where
ϑ = α∗ϑ0 − e−rβ∗ϑ0, ω = α∗ω0 − e−rβ∗ω0 and r = p3,
p3 being the projection Γ → R, defines a r-multiplicative twisted contact structure on Γ whose
the Reeb vector field is EΓ = 0 +E0 + 0 and its bivector field (8) is ΛΓ = −erΛ0 +Λ0 + 0. It
is easy to verify that
ϑ ∧ (dϑ +ω)2n+1 = ce−(n+1)rα∗(ϑ0 ∧ (dϑ0 +ω0)n)∧ β∗(ϑ0 ∧ (dϑ0 +ω0)n)∧ dr = 0
(34)
on Γ , where c is a nonzero constant dependent of n, and that (ϑ, r) satisfies (20). Clearly, the
induced twisted Jacobi structure on Γ0 by (ΛΓ ,EΓ ,ω) is the initial given one.
2. The gauge groupoid of a principal line bundle over a twisted contact manifold. Let
(Γ0, ϑ0,ω0) be a 2n + 1-dimensional twisted contact manifold, (Λ0,E0) the corresponding
twisted Jacobi structure on Γ0 defined by (7) and (8), and f0 a first integral of E0. Let, also,
π :P → Γ0 be a principal line bundle over Γ0, i.e., its structure group G is a 1-dimensional Lie
group that acts freely on P on the right and P/G = Γ0, endowed with a connection H. Pre-
cisely, H is a G-invariant distribution on P , complementary to its vertical bundle V = kerπ∗.
We consider the gauge groupoid Γ
α⇒
β
Γ0 of P which is the quotient P × P/G⇒ P/G of
the pair groupoid P × P π2⇒
π1
P of P , πi , i = 1,2, being the projection on the i-copy of P ,
by the right diagonal action of G on P × P . The natural projection  :P × P → P × P/G,
(p1,p2)
→[(p1,p2)] = {(p1g,p2g)/g ∈ G}, is a Lie groupoid morphism over π . Thus, the
source map α and the target map β of Γ are, respectively, the maps defined by α ◦ = π ◦ π2
and β ◦ = π ◦π1. Hence, for each [(p1,p2)] ∈ Γ , α([(p1,p2)])= π(p2) and β([(p1,p2)])=
π(p1), while the inversion ι :Γ → Γ and the embedding ε :Γ0 ↪→ Γ are given, respectively,
by ι([(p1,p2)]) = [(p2,p1)] and ε(x) = [(p,p)], where p ∈ π−1(x). Moreover, the product of
two composable elements [(p1,p2)], [(q1, q2)] of Γ , that means that α([(p1,p2)]) = π(p2) =
π(q1) = β([(q1, q2)]), is m([(p1,p2)], [(q1, q2)]) = [(p1, q2g)], where g is the unique element
of G for which p2 = q1g. The triple (ϑ,ω, r), where
ϑ = α∗ϑ0 − e−rβ∗ϑ0, ω = α∗ω0 − e−rβ∗ω0 and r = α∗f0 − β∗f0,
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respectively. In order to present the tensors fields ΛΓ and EΓ that define the corresponding
(dω,ω)-twisted Jacobi structure on Γ , we recall that given a q-vector field Q0 on Γ0 there exists
a unique q-vector field Qh0 on P , called the horizontal lift of Q0 on P with respect to H, such
that, for any p ∈ P , Qh0(p) ∈
∧q Hp and Qh0 is π -related to Q0, i.e.,
Qh0
(
π∗ζ1, . . . , π∗ζq
)=Q0(ζ1, . . . , ζq) ◦ π, for all ζ1, . . . , ζq ∈ Γ (T ∗Γ0).
Because of the G-invariance of H, any q-vector field of type Qh0 + Q′h0 on P × P descends to
the quotient P × P/G. Hence, we may easily verify that
ΛΓ =∗
(−e ∗rΛh0 +Λh0) and EΓ =∗(0 +Eh0 ).
Obviously, the induced twisted Jacobi structure on Γ0 by (ΛΓ ,EΓ ,ω) is the initial given one.
3. A homogeneous twisted symplectic groupoid. Let (S,ω) be a symplectic manifold, Π =
Π#(ω) the corresponding non-degenerate Poisson tensor and (Γ0, tΠ), Γ0 = S × R and t be-
ing the canonical coordinate on R, the associated Heisenberg–Poisson manifold [41] to S.
We suppose that (Γ0, tΠ) is integrable [41] and we denote by (Γ,Ω)
α⇒
β
Γ0 the symplectic
groupoid which integrates it. Since tΠ is an exact Poisson structure [18] (there is the vector
field T0 = −t 1t which satisfies tΠ = [tΠ,T0]), the multiplicative symplectic form Ω on Γ is
also exact [12]. Precisely, the flow of T0 integrates to the flow of a vector field T on Γ such
that Ω = d(i(T )Ω) [12]. So, Ω = dσ , where σ = i(T )Ω , and it is homogeneous with respect
to T .
Now, we consider on Γ0 a twisted Poisson structure (Λ,ϕ) such that Λ and ϕ are projectable
along the integral curves of T0. (For example, we can take Λ = fΠ and ϕ = −f−2df ∧ω with
f a non-constant function on S.) Let Ω0 be the corresponding non-degenerate twisted symplectic
2-form on T ∗Γ0 [38,7] which, in a local coordinate system (x1, . . . , xn,p1, . . . , pn), n= dimΓ0,
of T ∗Γ0, is written as
Ω0 =
n∑
i=1
dpi ∧ dxi + 12
n∑
i,j,k,l=1
piλ
ijϕjkl dxk ∧ dxl,
where λij and ϕjkl are, respectively, the local components of Λ and ϕ. We remark that Ω0 is
homogeneous with respect to the Liouville vector field Z0 =∑ni=1 pi ∂∂pi on T ∗Γ0.
On the other hand, we consider a left Lie groupoid action of Γ on the canonical projec-
tion q :T ∗Γ0 → Γ0 with action map Φ :Γ  T ∗Γ0 → T ∗Γ0, where Γ  T ∗Γ0 = {(g, z) ∈ Γ ×
T ∗Γ0/α(g)= q(z)}, compatible with the structure maps of Γ [18]. Let Γ T ∗Γ0 α˜⇒
β˜
T ∗Γ0 be the
semi-direct product groupoid of Γ with T ∗Γ0, [18]. We have Γ  T ∗Γ0 = Γ  T ∗Γ0, α˜(g, z)=
z, β˜(g, z) = Φ(g, z), ι˜(g, z) = (g−1,Φ(g, z)), ε˜(z) = (ε(q(z)), z) and m˜((g, z), (g′, z′)) =
(m(g,g′), z′) with z =Φ(g′, z′). The multiplicative non-degenerate 2-form
Ω˜ = α˜∗ω0 − β˜∗ω0 + dη˜,
where
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n∑
i,j,k,l=1
piλ
ijϕjkldxk ∧ dxl and η˜ = α˜∗
(
n∑
i=1
pidxi
)
− β˜∗
(
n∑
i=1
pidxi
)
+ σ,
endows Γ T ∗Γ0 with a (α˜∗dω0 − β˜∗dω0)-twisted symplectic structure which is homogeneous
with respect to the multiplicative vector field (T + (T ∗0 + Z0), T ∗0 + Z0)4 on Γ  T ∗Γ0 ⇒
T ∗Γ0. In above, T ∗0 denotes the vector field on T ∗Γ0 which, in the local coordinate system
(x1, . . . , xn,p1, . . . , pn) of T ∗Γ0, is written as T ∗0 = T0 +
∑n
i=1 0 ∂∂pi .
4. Integration of twisted Jacobi structures
In this section we study the inverse problem of that which was presented in Theorem 3.3.
Specifically, we discuss the following question: Given a twisted Jacobi manifold (M,Λ,E,ω),
does there exist a twisted contact groupoid, with manifold of units M , such that its associated
Lie algebroid is isomorphic to (T ∗M × R, {·,·}ω,π ◦ (Λ,E)#)? When this is the case, we say
that (M,Λ,E,ω) is integrable.
The above problem is a special case of the problem of integration of a Lie algebroid which
asks for the existence of a Lie groupoid whose Lie algebroid is isomorphic to a given one. It was
a longstanding problem of Differential Geometry which was solved, in 2003, by M. Crainic
and R.L. Fernandes [10]. However, the preceded works of J. Pradines [36] and R. Almeida
with P. Molino [2] for Lie algebroids integrated by local Lie groupoids, K. Mackenzie [30] for
transitive Lie algebroids, P. Dazord [14] and P. Dazord with G. Hector [15] for the Lie alge-
broids structures on the cotangent bundles of regular Poisson manifolds, and A.S. Cattaneo with
G. Felder [5] for the Lie algebroids structures on the cotangent bundles of arbitrary Poisson
manifolds, had also an important contribution in its study.
In specific, M. Crainic and R.L. Fernandes [10] have proved that with each given Lie algebroid
(A, [·,·], ρ) over a smooth manifold M , we can associate a topological groupoid G(A), called the
Weinstein groupoid of A, with simply connected β-fibers,5 which is the quotient of the space of
A-paths in A by a homotopy equivalence relation, and they have obtained necessary and sufficient
conditions under which G(A) is a Lie groupoid. Whenever this holds, the Lie algebroid of G(A)
is isomorphic to A.
Next, we will describe, in brief, the construction of the Weinstein groupoid G(A) for a given
Lie algebroid (A, [·,·], ρ), and some properties of G(A) acquired from the presence on A of a
1-cocycle of its Lie algebroid cohomology complex with trivial coefficients.
4 We recall that the space tangent to Γ  T ∗Γ0 at a point (g, z) is the vector subspace of T(g,z)(Γ × T ∗Γ0)= TgΓ ×
TzT
∗Γ0, {(X,Y ) ∈ TgΓ × TzT ∗Γ0/α∗X(α(g))= q∗Y (q(z))} (see [28, p. 345]). Hence, we have that Tg + (T ∗0 +Z0)z
is tangent to Γ T ∗Γ0 at the point (g, z) because α∗T (α(g))= T0α(g) = q∗(T ∗0 +Z0)(q(z)). Also, we have T α˜ ◦ (T +
(T ∗0 +Z0))(g, z)= (T ∗0 +Z0)z = (T ∗0 +Z0)◦ α˜(g, z) and T β˜ ◦(T +(T ∗0 +Z0))(g, z)=Φ∗(T +(T ∗0 +Z0))(Φ(g, z))=
(T ∗0 +Z0)Φ(g,z) = (T ∗0 +Z0)◦ β˜(g, z), whence we obtain the multiplicativity of (T + (T ∗0 +Z0), T ∗0 +Z0). The second
equation of the above sequence is deduced from the compatibility condition q ◦ Φ = β ◦ p1 of Φ with β , where p1 is
the projection of Γ  T ∗Γ0 on Γ .
5 We defined the Lie algebroid A(Γ ) of a Lie groupoid Γ
α
⇒
β
Γ0 as A(Γ ) = kerβ∗ ∩ TΓ0Γ , while M. Crainic and
R.L. Fernandes in [10] identified A(Γ ) with kerα∗ ∩ TΓ0Γ . For this reason, we must construct G(A) by changing the
roles of α and β in the construction of G(A) presented in [10]. On the other hand, we know that the inversion map of a
Lie groupoid sends α-fibers to β-fibers, and reciprocally. So, if the α-fibers are simply connected, then the β-fibers are
also simply connected, and reciprocally.
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Definition 4.1. (See [10].) Let π :A → M be a Lie algebroid and ρ :A → TM its anchor map.
An A-path of A is a smooth map c : I = [0,1] →A of class C1 such that, for all t ∈ I ,
ρ
(
c(t)
)= dγ (t)
dt
,
where γ (t)= π ◦ c(t) is a path in M and it is called the base path of c. The set of all A-paths of
A is denoted by P(A).
Definition 4.2. (See [10].) An A-connection on a vector bundle E over M is a bilinear map
∇ :Γ (A) × Γ (E) → Γ (A), (ζ, ξ) → ∇ζ ξ , such that, for any f ∈ C∞(M,R) and (ζ, ξ) ∈
Γ (A)× Γ (E),
∇f ζ ξ = f∇ζ ξ and ∇ζ (f ξ)= f∇ζ ξ + Lρ(ζ )(f )ξ.
If E = A, we define the torsion of the A-connection ∇ on A as the C∞(M,R)-bilinear map
T∇ :Γ (A)× Γ (A)→ Γ (A) given, for any ζ1, ζ2 ∈ Γ (A), by
T∇(ζ1, ζ2)= ∇ζ1ζ2 − ∇ζ2ζ1 − [ζ1, ζ2].
We note that with each standard TM-connection ∇ on A, we can associate an obvious A-
connection on A, denoted also by ∇ , by setting, for any ζ1, ζ2 ∈ Γ (A), ∇ζ1ζ2 ≡ ∇ρ(ζ1)ζ2. Let∇ be a such connection on A and ∂t the induced derivative operator which associates to each
A-path c : I →A the path ∂t c in A which is the ∇-horizontal component of dcdt , i.e., if γ : I →M
is the base path of c and ζ is a time dependent section of A such that ζ(t, γ (t))= c(t), then
∂t c = ∇ρ(c(t))ζ + dζ
dt
.
Definition 4.3. (See [10].) An A-homotopy is a family c : I → A, c(t) = c(, t), of A-paths
which depends on a parameter  ∈ I in a C2-fashion and which has the following properties:
(i) their base paths γ : I → M , γ(t) = γ (, t), have fixed ends points and (ii) the solution
b(, t) of the equation
∂tb − ∂c = T∇(c, b), b(,0)= 0,
satisfies, for all  ∈ I , b(,1)= 0.6
Two A-paths c0 and c1 are said to be homotopic, and we write c0 ∼ c1, if there exists an
A-homotopy c : I × I →A joining them, i.e., c(0, t)= c0(t) and c(1, t)= c1(t).
For a given A-path c, we denote by [c] the set of all homotopic A-paths to c.
We define now the Weinstein groupoid G(A)
α⇒
β
M of π :A → M as the space of classes of
homotopic paths of P(A), i.e.,
G(A) := P(A)/∼,
with the following structure maps. For any [c] ∈ G(A), the source map α :G(A) → M and the
target map β :G(A)→M are given, respectively, by α([c])= γ (0) and β([c])= γ (1), where γ
6 We recall that the solution b does not depend on ∇ [10].
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site A-path c¯ of c, i.e., for any t ∈ [0,1], c¯(t) = −c(1 − t), and the embedding ε :M ↪→ G(A)
maps each point x of M to the class [0x] of the constant trivial path above x. The set G2(A) of
composable pairs of G(A)×G(A) consists of the pairs of classes ([c1], [c0]) whose representa-
tives (c1, c0) are pairs of composable A-paths, i.e., π(c1(0))= π(c0(1)), and the product map m
on G2(A) is given by m([c1], [c0]) = [c1] · [c0] = [c1  c0], where c1  c0 is the concatenation
of (c0, c1)7 defined as follows
c1  c0(t)≡
{
2c0(2t), 0 t  12 ,
2c1(2t − 1), 12 < t  1.
Theorem 4.4. (See [10].) The groupoid G(A) is a β-simply connected topological groupoid.
Moreover, whenever A is integrable, G(A) admits a smooth structure which makes it into the
unique β-simply connected Lie groupoid integrating A.
As M. Crainic and R.L. Fernandes have shown [10], G(A) can be viewed as the leaf space of
a foliation F(A) on P(A), of finite codimension, whose leaves are just the classes of homotopic
A-paths. In particular, F(A) may be defined by the orbits of a Lie algebra action on the space
P˜ (A) of all C1 curves c : I →A with base path γ = π ◦ c of class C2, which contains P(T ∗M)
as submanifold. An alternative description of G(A), when A is the Lie algebroid T ∗M of a
twisted Poisson manifold M , is developed by A.S. Cattaneo and P. Xu [6]. By modifying the
method introduced in [5] for Poisson manifolds, they have obtained G(T ∗M) by an appropriate
symplectic reduction of the cotangent bundle T ∗P(M) of the space P(M) of all paths on M of
class C2. In fact, the above two descriptions of G(T ∗M) coincide since they use the same Lie
algebra action and since P˜ (T ∗M) is identified with T ∗P(M). For details, we can consult [11]
and [7].
4.2. Effects of a 1-cocycle of A on G(A)
Let R be a 1-cocycle in the Lie algebroid cohomology complex with trivial coefficients of
(A, [·,·], ρ), i.e., R is a section of the dual vector bundle A∗ → M of A → M such that, for any
ζ, η ∈ Γ (A),〈[ζ, η],R〉= Lρ(ζ )〈η,R〉 − Lρ(η)〈ζ,R〉,
and acR :Γ (A)→ Γ (T (M × R)) the map given, for any ζ ∈ Γ (A), by
acR(ζ )= ρ(ζ )+ 〈ζ,R〉 ∂
∂s
,
s being the canonical coordinate on the factor R of M × R. It is easy to show that acR is an
action of A on the fibered manifold  : M˜ =M × R →M in the sense of [20]. Thus, the vector
bundle A˜=A×R →M ×R, which is isomorphic [22] to the pull-back bundle  ∗A→M ×R
of A over  , admits [20] a Lie algebroid structure ([·,·]R,ρR). Having identified Γ (A˜) with the
7 The path c1  c0 is only piecewise smooth. But, by choosing an appropriate cutoff function τ ∈ C∞(R), we repa-
rameterize ci , i = 0,1, by setting cτi (t) := τ ′(t)ci (τ (t)). Then, cτ1  cτ0 is a smooth A-path, homotopic to c1  c0. For
details, see [10].
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for any ζ˜ , η˜ ∈ Γ (A˜), respectively, by
[ζ˜ , η˜]R = [ζ˜ , η˜] + 〈ζ˜ ,R〉∂η˜
∂s
− 〈η˜,R〉∂ζ˜
∂s
and ρR(ζ˜ )= ρ(ζ˜ )+ 〈ζ˜ ,R〉 ∂
∂s
.
We denote by G(A˜) the Weinstein groupoid of A˜. We will examine the relationship which
link G(A˜) with G(A).
Any section R of A∗ can be integrating over an A-path c : I →A by setting
∫
c
R :=
1∫
0
〈
c(t),R
(
π
(
c(t)
))〉
dt. (35)
A basic property of the integral (35) is its invariance under an A-homotopy, if R is a 1-cocycle
of A. It is proved in [11] for the 1-cocycles of Lie algebroids coming from Poisson manifolds,
i.e., for the Poisson vectors fields, but the same method of proof may be used for the 1-cocycles
of any Lie algebroid. Therefore, if R is a 1-cocycle of A and c0, c1 are two homotopic A-paths,
we have∫
c0
R =
∫
c1
R.
From the above property we deduce that the map r :P(A) → R, c → ∫
c
R, descends to a well
defined map, also denoted by r , on the quotient space G(A) by setting
r
([c]) := ∫
c
R.
The additivity of integration with respect the concatenation of paths shows that r is a multiplica-
tive function on G(A), i.e., for any ([c1], [c0]) ∈G2(A),
r
([c1] · [c0])= r([c1])+ r([c0]).
Hence, we can construct the action groupoid G˜(A)
α˜⇒
β˜
M˜ associated to the left action acr of G(A)
on  : M˜ =M × R →M given by (19). We have
Proposition 4.5. (See [13].) (i) The topological groupoids G˜(A) and G(A˜) are isomorphic.
(ii) A is integrable if and only if A˜ is. In this case, the previous isomorphism is a Lie groupoid
isomorphism.
4.3. Integration of twisted Jacobi structures
Let (M,Λ,E,ω) be a twisted Jacobi manifold, (T ∗M × R, {·,·}ω,π ◦ (Λ,E)#, (−E,0)) its
associated Lie algebroid with 1-cocycle and G(T ∗M × R) the Weinstein groupoid of T ∗M ×
R. Let, also, (M˜, Λ˜, ω˜) be the twisted poissonization of (M,Λ,E,ω), i.e., M˜ = M × R, Λ˜ =
e−s(Λ+ ∂
∂s
∧E) and ω˜ = esω, (·,·dω˜, Λ˜#) the corresponding Lie algebroid structure on T ∗M˜ ,
and G(T ∗M˜) the Weinstein groupoid of T ∗M˜ . By applying the results of the previous subsection
to the case where (A,R) is the Lie algebroid with 1-cocycle (T ∗M×R, (−E,0)) and taking into
account that (T ∗M × R) × R ∼= T ∗(M × R), we get, as direct consequence of Proposition 4.5,
the following
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˜G
(
T ∗M × R)∼=G(T ∗M˜). (36)
(ii) The Lie algebroid T ∗M × R is integrable if and only if T ∗M˜ is.
We now establish, via Proposition 3.5, the inverse of Theorem 3.3.
Theorem 4.7. An integrable twisted Jacobi manifold (M,Λ,E,ω) is integrated by a twisted
contact groupoid.
Proof. The assumption (M,Λ,E,ω) is integrable means that the corresponding Lie alge-
broid (T ∗M × R, {·,·}ω,π ◦ (Λ,E)#) is integrable. Consequently, according to Proposition 4.6,
(T ∗M˜, ·,·dω˜, Λ˜#) is also integrable; fact which implies that (M˜, Λ˜, ω˜, ∂
∂s
) is integrable as ho-
mogeneous twisted Poisson manifold. Crainic’s and Fernandes’s Theorem show that T ∗M × R
(resp. T ∗M˜) is integrated by G(T ∗M × R) α⇒
β
M (resp. G(T ∗M˜)) which is the unique target-
simply connected Lie groupoid integrating it. Furthermore, Cattaneo’s and Xu’s Theorem in [6]
assures us that G(T ∗M˜) is endowed with a non-degenerate, multiplicative, twisted symplectic
form Ω˜ . Because of (36), it induces on ˜G(T ∗M × R) α˜⇒
β˜
M˜ a non-degenerate, multiplicative,
(α˜∗dω˜ − β˜∗dω˜)-twisted symplectic form denoted, also, by Ω˜ . From construction, ( ∂
∂s
, ∂
∂s
) is a
multiplicative vector field on ˜G(T ∗M × R) = G(T ∗M × R)× R whose the corresponding vec-
tor field ∂
∂s
on the base manifold M˜ = M × R is the homothety vector field of the dω˜-twisted
Poisson structure Λ˜. We need to show that Ω˜ is homogeneous with respect to ∂
∂s
.
The multiplicativity of ∂
∂s
on ˜G(T ∗M × R)=G(T ∗M × R)× R implies that its flows
Ψu :G
(
T ∗M × R)× R →G(T ∗M × R)× R
(g, s)→ (g, s + u)
are (local) Lie groupoid automorphisms over the transformations ψu :M × R →M × R defined
by ψu(x, s) = (x, s + u). Thus, α˜ ◦ Ψ−1u = ψ−1u ◦ α˜. Let Λ˜G be the (α˜∗dω˜ − β˜∗dω˜)-twisted
Poisson structure on ˜G(T ∗M × R) defined by the inversion of Ω˜ . From Theorem 2.6 of [6], we
have that Λ˜G is projectable on M˜ via α˜∗ and its projection is the dω˜-twisted Poisson structure Λ˜
which is homogeneous with respect to ∂
∂s
. On the other hand, we have ψ∗uΛ˜= (ψ−1u )∗Λ˜= e−uΛ˜.
Consequently, (α˜∗ ◦ (Ψ−1u )∗)Λ˜G = ((ψ−1u )∗ ◦ α˜∗)Λ˜G ⇔ α˜∗((Ψ−1u )∗Λ˜G) = e−uΛ˜, whence, tak-
ing into account the expression of Ψu, we obtain (Ψ−1u )∗Λ˜G = e−uΛ˜G. Hence, L ∂
∂s
Λ˜G =
d
du
(Ψ ∗u Λ˜G)|u=0 = ddu (e−uΛ˜G)|u=0 = −Λ˜G, which means that Λ˜G is homogeneous with respect
to ∂
∂s
. For this, its inverse Ω˜ is also homogeneous with respect to ∂
∂s
, i.e., L ∂
∂s
Ω˜ = Ω˜ .
We remark that Ω˜ , as an exact twisted symplectic form, can be written as Ω˜ = α˜∗ω˜− β˜∗ω˜+
dη˜, where η˜ is a 1-form on ˜G(T ∗M × R) such that dη˜ is multiplicative. Since the part α˜∗ω˜− β˜∗ω˜
of Ω˜ is homogeneous with respect to ∂
∂s
, it is clear that the homogeneity of Ω˜ implies that of
dη˜, i.e., L ∂
∂s
dη˜ = dη˜ ⇔ d(i( ∂
∂s
)dη˜) = dη˜. We set ϑ˜ = i( ∂
∂s
)dη˜ and we check that L ∂
∂s
ϑ˜ = ϑ˜ .
So, we have ϑ˜ = esϑ , where ϑ is a 1-form on G(T ∗M × R), and dϑ˜ = dη˜. Therefore, Ω˜ =
α˜∗ω˜− β˜∗ω˜+dϑ˜ = es(α∗ω−e−rβ∗ω)+d(esϑ). According to Proposition 3.5, we conclude that
F. Petalidou / Bull. Sci. math. 134 (2010) 475–500 499(ϑ,α∗ω − e−rβ∗ω) defines a twisted contact structure on G(T ∗M × R) whose induced twisted
Jacobi structure on the manifold of units is the initial given one (see Proposition 3.7). 
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